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Abstract. Supposing the existence of modified Chaplygin gas with the equation of state
p = Aρ − B/ρβ as a cosmic background, we obtain a static spherically-symmetric black
hole solution to the Einstein-Gauss-Bonnet gravitational equations in 5D spacetime. The
spacetime structure of the obtained black hole solution is analyzed, also the related black hole
properties are studied by calculating the thermodynamical quantities. During this process,
effects of the Gauss-Bonnet coupling constant and the modified Chaplygin gas parameters
on black hole solution, as well as on its thermodynamical properties are discussed. At the
end, we study the quantum tunneling of scalar particles and the propagating of scalar waves
within the background of modified Chaplygin gas. The study shows that the system is stable
under scalar perturbations and the Hawking radiation could stop at some point, leaving an
extremal black hole as remnant for evaporation.
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1 Introduction
Ones of the natural modifications of general relativity (GR) in higher dimensions are the
Lovelock theories where higher-curvature terms are supplemented [1]. Taking into account
the first additional term of general Lovelock theory, i.e. the Gauss-Bonnet invariant, to
Einstein gravity, one obtains the Einstein-Gauss-Bonnet (EGB) gravity. It’s interesting that
EGB gravity can also be arisen from the low-energy limit of heterotic string theory [2–4]. It
is believed that EGB gravity can avoid some of the shortcomings of Einstein gravity [5–7].
In addition, the EGB gravity consists of the Einstein-Hilbert action plus curvature-squared
terms (see Refs. [8–13] for more details), leading to field equations with no more than
second derivatives of the metric, thus free of ghost [2]. Considering the EGB gravity context,
black hole solutions and their thermodynamical behaviors have been investigated in much
literature. The spherically symmetric black hole solutions in EGB gravity have been found
in [8, 14]. The EGB black holes in anti de Sitter and de Sitter spaces have been discussed
separately in [15] and [16]. Ref. [17] presented an exhaustive classification of static solutions
for the five-dimensional EGB theory in vacuum. Recently, Refs. [18–22] concentrated on
black hole solutions in 4D Gauss-Bonnet-scalar gravity with coupling between the scalar and
the Gauss-Bonnet invariant.
Matter content of the Universe is still an unsolved problem in the framework of modern
cosmology. The latest release of 2018 Planck full-sky maps about the CMB anisotropies
[23] illustrates that baryon matter component is no more than 5% for total energy den-
sity. In contrast, the invisible dark components, including dark energy and dark matter,
are about 95% energy density in the Universe. The dominance of the dark sector over the
Universe makes the study of black holes surrounded by these mysterious field well-deserved.
Quintessence is a possible candidate for dark energy, which is characterized by the linear
equation of state pq = wρq. Significant attention has been devoted to discussion of static
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spherically-symmetric black hole solutions surrounded by quintessence matter and their prop-
erties [24–32], within which, Ref. [30] paid attention to the context of EGB gravity. Except
the quintessence matter, many authors have found exact black hole solutions in EGB gravity
with some other sources. Ref. [33] showed a class of dynamical black hole solutions in EGB
gravity by restricting the energy-momentum tensor with some constraints. Ref. [34] derived
spherically-symmetric solutions in EGB gravity with a Born-Infeld term. Ref. [35] derived
electrically charged EGB black hole solutions with a nonlinear electrodynamics source given
as an arbitrary power of the Maxwell invariant, and Ref. [36] obtained the topological black
hole solutions in the presence of another two classes of nonlinear electrodynamics source.
Ref. [37] represented EGB black holes with a background of Yang-Mills fields. Ref. [38]
obtained a black hole solution of the 5D EGB theory for the string cloud model.
With regard to the Universal dark sector, there exists another possibility that the un-
known energy component is a unified dark fluid which mixes dark matter and dark energy.
Among the proposed unified dark fluid models, the Chaplygin gas [39] and its generalized
model [40, 41] have been widely studied in order to explain the accelerating Universe [42–
44]. Ref. [45] considered a model that charged static spherically-symmetric black hole is
surrounded by Chaplygin-like dark fluid in the framework of Lovelock gravity. In this paper
we study the static spherically-symmetric black holes surrounded by the modified Chaplygin
gas (MCG) with the equation of state p = Aρ−B/ρβ in the 5-dimensional (5D) EGB gravity.
The plan of this paper is as follows. In section 2, for the MCG in 5D spacetime, we
deduce its energy momentum tensor, with the help of which we obtain the static spherically-
symmetric solutions to the EGB gravitational equations. Further we analyze the thermody-
namical properties of the new derived black hole solution in section 3. Section 4 considers
the Hawking radiation of scalar fields and discusses the scalar perturbations for the black
hole solution. Section 5 gives the conclusion. For completeness, we give the EGB black hole
solution and related thermodynamical quantities in D-dimensional spacetime with Appendix
A.
We use units which fix the speed of light and the 5D gravitational constant via 8piG5 =
c = 1, and use the metric signature (−, +, +, · · · , +).
2 Surrounded black hole solutions in Einstein-Gauss-Bonnet gravity
2.1 The Einstein-Gauss-Bonnet theory
The Lovelock theory is an extension of the general relativity to higher-dimensions. In this
theory the first and second order terms correspond to the Einstein-Hilbert and Gauss-Bonnet
terms, respectively. The action for 5D EGB gravity with matter field reads
S = 1
2
∫
M
d5x
√−g [LE + αLGB] + SM . (2.1)
SM denotes the action associated with matter and α is coupling constant that we assume to
be non-negative. The Einstein term is LE = R, and the second-order Gauss-Bonnet term
LGB is
LGB = RµνγδRµνγδ − 4RµνRµν +R2. (2.2)
Here, Rµν , Rµνγδ, and R are the Ricci tensor, Riemann tensor, and Ricci scalar, respectively.
The variation of the action with respect to the metric gµν gives the EGB equation:
Gµν ≡ GEµν + αGGBµν = Tµν , (2.3)
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where GEµν is the Einstein tensor while G
GB
µν is given explicitly by
GGBµν = −
1
2
LGBgµν + 2 [−RµρσηRνρση − 2RµρνσRρσ − 2RµσRσν +RRµν ] , (2.4)
and Tµν is the energy-momentum tensor of the matter that we consider as modified Chaplygin
gas. We note that the divergence of EGB tensor GGBµν vanishes. Here, we want to obtain
5D static spherically symmetric solutions of Eq. (2.3) in the background of the modified
Chaplygin gas and investigate the related properties. We assume that the metric has the
form:
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2(dθ2 + sin2θdφ2 + sin2θsin2φdϕ2), (2.5)
where we restrict the curvature of 3D hypersurface to κ = 1. Using this metric ansatz, the
EGB field equation (2.3) reduces to
Gt
t = Gr
r =
3
2r2
[
rf ′ + 2(f − 1)]− 6α
r3
[
(f − 1)f ′] ,
Gθ
θ = Gφ
φ = Gϕ
ϕ =
1
2r2
[
r2f ′′ + 4rf ′ + 2(f − 1)]− α
r2
[
2(f − 1)f ′′ + 2f ′2] . (2.6)
2.2 Modified Chaplygin gas surrounding a black hole
We study the MCG with the equation of state (EoS) p = Aρ − B
ρβ
[46, 47], where A,B are
positive parameters and β stays in the interval 0 ≤ β ≤ 1. For 5D spherically-symmetric
spacetime, the energy-momentum tensor components of the MCG should have the general
expression
Tt
t = χ(r), Tt
i = 0, Ti
j = ξ(r)
rir
j
rnrn
+ η(r)δi
j , (2.7)
where the form for energy-momentum tensor was first considered by Kiselev when studying
static spherically-symmetric quintessence surrounding a black hole [24]. Since we are consid-
ering static spherically-symmetric spacetime, the r− r component of the energy-momentum
tensor should be equal to the t− t component, i.e.,
Tt
t = Tr
r = −ρ(r), (2.8)
If one takes isotropic average over the angles,
〈rirj〉 = rnr
nδi
j
4
, (2.9)
one obtains
〈Tij〉 =
(ξ(r)
4
+ η(r)
)
δi
j = p(r)δi
j =
(
Aρ(r)− B
[ρ(r)]β
)
δi
j . (2.10)
Considering Eqs. (2.8) and (2.10), ξ(r) and η(r) should be expressed as
ξ(r) = a1ρ(r) +
b1
[ρ(r)]β
, η(r) = a2ρ(r) +
b2
[ρ(r)]β
, (2.11)
with the parameters ai and bi, constrained by Eqs. (2.8) and (2.10), yielding:
a1 = −4
3
(A+ 1), a2 =
1 + 4A
3
, b1 =
4
3
B, b2 = −4
3
B. (2.12)
Thus the angular components of the energy-momentum tensor are obtained as
Tθ
θ = Tφ
φ = Tϕ
ϕ =
1 + 4A
3
ρ(r)− 4B
3[ρ(r)]β
. (2.13)
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2.3 Exact solutions
Combining Eqs. (2.6), (2.8) and (2.13), one obtains the EGB gravitational equations:
3
2r2
[rf ′ + 2(f − 1)]− 6α
r3
[(f − 1)f ′] = −ρ,
1
2r2
[
r2f ′′ + 4rf ′ + 2(f − 1)]− α
r2
[
2(f − 1)f ′′ + 2f ′2] = 1+4A3 ρ− 4B3ρβ . (2.14)
Thus, we have two unknown functions f(r) and ρ(r) which can be determined analytically by
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Figure 1. Energy density of the MCG as function of the radial coordinate.
the above two differential equations. Now, by solving the set of differential equations (2.14),
one first easily obtains the solution for the energy density of MCG:
ρ(r) =
(
1
1 +A
[
B +
(
S
r4
)(1+A)(1+β)]) 11+β
, (2.15)
where S > 0 is an integration constant. We observe that ρ(r) →
(
B
1+A
) 1
1+β
when r → ∞,
which means that the MCG acts like a cosmological constant very far from the black hole,
and it gathers more densely as it moves toward the black hole because of the gravitation, as
displayed in Fig. 1. One can conclude from the figures that, the dark energy is governed by
four parameters. S affects ρ(r) at the region near a black hole, while B affects it far from
the black hole. A and β can affect the energy density at regions both near and far from a
black hole, however they act differently at the far region.
Substituting Eq. (2.15) into the first differential equation in Eq. (2.14), we obtain two
branches for the solution of f(r):
f±(r) = 1 +
r2
4α
1±
√
1 +
16αm
r4
+
4α
3
( B
1 +A
) 1
1+βH
 (2.16)
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Figure 2. The f−(r) function in 5D Einstein-Gauss-Bonnet gravity with a background of modified
Chaplygin gas for different values of α, S, A, B and β, where we set m = 2.1.
with
H = 2F1
([
− 1
1 + β
,− 1
w
]
, 1− 1
w
,− 1
B
(
S
r4
)w)
,
w = (1 +A)(1 + β). (2.17)
We note that, m is a parameter proportional to the mass of the black hole. The ADM mass
M of a 5D black hole relates to the mass parameter m by M = 3Σ3m, where Σ3 is the volume
of the unit sphere in R3. To study the asymptotic behavior of f±(r), we take r → ∞ and
find that
f±(r)→ 1 + r
2
4α
1±
√
1 +
4α
3
( B
1 +A
) 1
1+β
 , (2.18)
which reveals that, given α with positive value, f+(r) tends to anti-de Sitter spacetime, while
f−(r) tends to de Sitter spacetime. In the limit α → 0, the negative branch of the solution
(2.16) reduces to the 5D general relativity solution. The EGB black holes surrounded by the
MCG are characterized by their mass parameter (m), the Gauss-Bonnet coupling constant
(α) and the four MCG parameters (S,A,B and β). The effect of mass parameter m on
black hole solution can be referred in the next section. The f−(r) solution with varying
values of α, S, A, B and β is plotted in Fig. 2. We are inferred from the figures that, for
appropriate parameters, the EGB black hole can have three horizons, an inner horizon, an
event horizon and a cosmological horizon. It should be noted that, the radicand in Eq. (2.16)
should be non-negative to keep the solution real-valued. For given mass, Gauss-Bonnet
and MCG parameters, the radicand decreases to zero at the so-called branch singularity
[48, 49]. Considering that the radicand at horizon radius rh equals to (1 + 4α/r
2
h)
2, the
branch singularity should stay smaller than all the horizon radii, thus won’t obstruct our
discussion on horizon radii. We can conclude from Fig. 2 that, the Gauss-Bonnet parameter
α significantly affects the existence of black hole solution and the positions of horizon radii.
The MCG parameter S is liable to affect the position of inner horizon; B is liable to affect
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the existence and position of event horizon, as well as the position of cosmological horizon;
A and β both obviously affect the positions of all horizon radii, however, in different ways.
3 Thermodynamics
In this section, we discuss the thermodynamical properties of 5D MCG-surrounded black
hole within Einstein-Gauss-Bonnet framework. Henceforth, we shall restrict ourselves to the
negative branch of the solution (2.16). The horizon is defined as the value of r = rh satisfying
f−(rh) = 0. From Eq. (2.16), the mass of the black hole is obtained in terms of the horizon
radius (rh):
m =
r2h
2
[
1 +
2α
r2h
− r
2
h
6
( B
1 +A
) 1
1+βH(rh)
]
, (3.1)
where H(rh) is the function value of H defined in Eq. (2.17) at r = rh. The m function of
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Figure 3. The mass parameter (m) as a function of horizon radius (rh) in 5D Einstein-Gauss-Bonnet
gravity with a background of modified Chaplygin gas for different values of α, S, A, B and β.
the black hole is plotted in Fig. 3 for various values of Gauss-Bonnet and MCG parameters.
We note that, every m− rh curve can be divided into three parts according to the number of
horizons corresponding to the same mass parameter. As an example, we discuss the m− rh
curve for parameters α = 1.0, S = 0.8, A = 1.0, B = 1.0 and β = 0.1. The curve can be
divided into m > m2 part, m2 ≥ m ≥ m1 part and m1 > m part. When m < m1 or m > m2,
the f−(r) solution has only a cosmological horizon (outermost horizon satisfying f ′(rh) < 0);
When m2 > m > m1, the f−(r) solution has three horizons, an inner horizon (inside a event
horizon and satisfying f ′(rh) < 0), an event horizon (f ′(rh) > 0) and a cosmological horizon.
Specially, when m = m1, the f−(r) solution has a degenerate event horizon (f ′(rh) = 0, and
f ′′(rh) > 0) and a cosmological horizon, thus this represents a extreme solution. For m = m2
case, the solution has an inner horizon and a degenerate horizon where event horizon coincides
with cosmological horizon. The curve achieves its minimum at rh = r1, and maximum at
rh = r2. In fact, within the m2 > m > m1 area, the plotted m − rh curve represents
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mass-inner horizon relation at rh < r1, mass-event horizon relation at r1 ≤ rh < r2, and
mass-cosmological horizon relation at rh > r2. Fig. 3 shows an increase in the black hole
mass with event horizon radius. It should be noted that the analysis above on the spacetime
structure is based on the methodology proposed by Torii and Maeda in Refs. [48] and [49].
Next, we further study the Hawking temperature. The Hawking temperature associated
with a black hole is defined by T = κ/2pi with the surface gravity κ defined by
κ2 = −1
4
gttgijgtt,i gtt,j . (3.2)
Hence, the Hawking temperature for the EGB black hole surrounded by the MCG can be
calculated as
T =
rh
2pi(r2h + 4α)
[
1− r
2
h
3
ρ(rh)
]
, (3.3)
where ρ(rh) is the function value of ρ(r) defined in Eq. (2.15) at r = rh. Note that the factor
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Figure 4. The Hawking temperature (T ) as a function of horizon radius (rh) in 5D Einstein-Gauss-
Bonnet gravity with a background of modified Chaplygin gas for different values of α, S, A, B and
β.
in the bracket of Eq. (3.3) modifies the pure EGB black hole temperature [51], and if we
suppose the nonexistence of MCG, the pure EGB black hole temperature can be recovered
as
T =
rh
2pi(r2h + 4α)
, (3.4)
and when α→ 0, it becomes the 5D general relativity Hawking temperature which is given by
T = 12pirh . From the curves figured in Fig. 4, one can observe that the Hawking temperature
remains finite and has a peak for given Gauss-Bonnet and MCG parameters. There are two
particular values of the horizon radii at which the Hawking temperature vanishes, which
means that the black hole stops radiating energy here. It is interesting to note that these
two horizon radii respectively correspond to the minimum and maximum points of the m
function. Since a physical black hole solution cannot have negative temperature, the black
hole solution with an event horizon smaller than the minimum-m radius or larger than the
maximum-m radius, is un-physical.
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Figure 5. The specific heat (C) as a function of horizon radius (rh) in 5D Einstein-Gauss-Bonnet
gravity with a background of modified Chaplygin gas for different values of α, S, A, B and β.
The laws of thermodynamics can be reconciled with the existence of black hole event
horizon by the so-called black hole thermodynamics, whose first law reads:
dM = TdS. (3.5)
Hence, the entropy can be obtained from the integration
S =
∫
T−1dM =
∫
T−1
∂M
∂rh
drh. (3.6)
Now, the entropy of the EGB black hole surrounded by the MCG, reads
S =
Σ3r
3
h
4G5
(
1 +
12α
r2h
)
, (3.7)
where Σ3r
3
h represents the horizon area of 5D black hole. Eq. (3.7) confirms the entropy
obeys the area law for our case. It is interesting to note that the entropy of the black hole
has no effect of the MCG parameters. This conclusion is in concordance with the string cloud
background case [38] and the quintessence background case [30].
To verify the first law of thermodynamics, we next calculate the Wald entropy for the
5D black hole (2.5) with f(r) given by the minus branch solution in Eq. (2.16). The Wald
formulation [50] gives an expression of the entropy:
SW = −2pi
∫
Σ
√
hdV 23
(
∂L
∂Rabcd
)
εabεcd, (3.8)
where
√
hdV 23 is the volume element on Σ and the integral is performed on 3D space-like
surface Σ. εab is the binormal vector to surface Σ normalized as εabε
ab = −2, and L =
LE + αLGB + LM with LM regarded as the Lagrangian for matter field. The integrand in
Eq. (3.8) can be calculated as
∂L
∂Rabcd
εabεcd = −2− 24α[1− f−(r)]
r2
. (3.9)
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On substituting the Eq. (3.9) into the Eq. (3.8), one obtain Wald entropy of the 5D black
hole (2.5) as
SW = 2pi
[
1 +
12α[1− f−(rh)]
r2h
] ∫
Σ
√
hdV 23
=
Σ3r
3
h
4G5
(
1 +
12α
r2h
)
, (3.10)
where f−(rh) = 0 has been used. The Wald entropy Eq. (3.10) has exactly same expression
as obtained in Eq. (3.7). Since the MCG is minimally coupled to gravity, ∂LM/∂Rabcd = 0,
leading to no effect of the MCG on the Wald entropy. The variation of Wald entropy (3.10)
with respect to the horizon radius rh gives
dSW =
3Σ3
4G5
(r2h + 4α)drh, (3.11)
and the variation of ADM mass leads to
dM = 3Σ3rh
(
1− 1
3
r2hρ(rh)
)
drh. (3.12)
Hence, with the help of Eqs. (3.3), (3.11) and (3.12), one can conclude that
dM = TdSW . (3.13)
Thus, we verify that the EGB black hole (2.5) characterized by the minus branch solution in
Eq.(2.16), satisfies the first law of thermodynamics.
Finally, we investigate how the existence of the MCG influences the thermodynamic
stability of the EGB black holes. The heat capacity of the black hole is defined as
C =
∂M
∂T
=
∂M
∂rh
∂rh
∂T
. (3.14)
By using Eqs. (3.1), (3.3), and (3.14), the heat capacity of the MCG-surrounded EGB black
hole is calculated as
C = 6piΣ3
XY2
Z , (3.15)
where the abbreviations X , Y and Z are given by
X = 2rh − 23r3hρ(rh), Y = r2h + 4α,
Z = −2r2h + 8α+ 23(1+A)r2hρ(rh)−β
(
r2h
[
−B + (4A+ 3) ( S
r4
)w]
+4α
[
−3B + (4A+ 1) ( S
r4
)w] )
, (3.16)
with w defined in Eq. (2.17). It is clear that the heat capacity depends on both the Gauss-
Bonnet coefficient (α), and the MCG parameters (S, A, B and β). When α→ 0, it returns
to the 5D general relativity case. If in addition there is no MCG existed, it becomes
C =
6piΣ3rh(r
2
h + 4α)
2
4α− r2h
, (3.17)
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which is exactly same as the pure EGB case [51]. The heat capacity C is plotted in Fig. 5,
for different values of Gauss-Bonnet and MCG parameters. The heat capacity of a black hole
hints its thermodynamical stability. The black hole is thermodynamically stable for C > 0,
while unstable for C < 0. We note that there is a change of sign in the heat capacity around
some critical horizon rc, where C is discontinuous. The critical horizon (rc) of heat capacity
coincides with the peak horizon of Hawking temperature, showing that the heat capacity
diverges at horizon radius where the Hawking temperature reaches its maximum. The heat
capacity vanishes at horizon radii where the mass parameter (m) reaches its minimum or
maximum value, thus for every C − rh curve in Fig. 5, the C < 0 part left to rc and the
C > 0 part right to rc are meaningless. The heat capacity is positive for rh < rc and thereby
suggesting the thermodynamical stability of a black hole. On the other hand, the black hole
is unstable for rh > rc. The phase transition occurs from a higher mass black hole with the
negative heat capacity to a lower mass black hole with positive heat capacity.
For the critical radius, it changes with the Gauss-Bonnet and MCG parameters, thereby
affecting the thermodynamical stability. Indeed, the value of rc increases with the increase
in α, S and A, while decreases with the increase in B and β.
4 Tunneling and propagating of scalar fields
In this section, we first study the Hawking radiation of massive scalar particles in the 5D
MCG-surrounded EGB black hole by using the semi-classical Hamilton-Jacobi method intro-
duced in Refs. [52, 53]. Then we study the perturbative stability of the black hole solution
by observing the propagating of scalar waves, following the setup introduced in Ref. [54].
4.1 Quantum tunneling of scalar particles
The movement of a scaler field Φ can be depicted by the 5D Klein-Gordon equation
(∂a∂
a + µ2)Φ = 0, (4.1)
where µ denotes the mass of the scalar particle. According to the WKB approximation, Φ is
of the form
Φ = exp
[
i
~
∞∑
i=0
~iIi(t, r, θ, φ, ϕ)
]
, (4.2)
where I0 represents the classical action of the trajectory to leading order in ~. Substituting
Eq. (4.2) into Eq. (4.1) and keeping only the lowest order in ~, we obtain the Hamilton-Jacobi
equation
µ2 + f−(r)(∂rI0)2 +
1
r2
(∂θI0)
2 +
1
r2sin2θ
(∂φI0)
2 +
1
r2sin2θsin2φ
(∂ϕI0)
2 − 1
f−(r)
(∂tI0)
2 = 0.
(4.3)
Considering the Killing vectors of the spacetime, we carry out separation of I0
I0 = −ωt+W (r) + Θ(θ, φ, ϕ), (4.4)
then Eq. (4.3) turns to
(∂rW )
2 =
1
f2−(r)
[
ω2 − f−(r)(J
2
r2
+ µ2)
]
, (4.5)
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where J2 = (∂θI0)
2 + 1
sin2θ
(∂φI0)
2 + 1
sin2θsin2φ
(∂ϕI0)
2. Thus the radial action should be
calculated as
W± = ±
∫
dr
√
1
f2−(r)
[
ω2 − f−(r)(J
2
r2
+ µ2)
]
, (4.6)
where +(−) denote the outgoing (ingoing) solutions. At this point, we expand f−(r) around
the horizon radius rh
f−(r) = f−(rh) + f ′−(rh)(r − rh) +O((r − rh)2), (4.7)
and implement the integration along a semi-circle around the pole at r = rh. Now, at the
horizon the radial function can be given as
W± = ±ipi ω
f ′−(rh)
. (4.8)
Tunneling probability for the scalar particles is given by
Γ = exp
[
−4
~
ImW+
]
= exp
[
−ω
~
2pi(r2h + 4α)
rh
[
1− r2h3 ρ(rh)
]
]
. (4.9)
Thus the Hawking temperature of the black hole is
T =
rh
2pi(r2h + 4α)
[
1− r
2
h
3
ρ(rh)
]
, (4.10)
which is in accordance with Eq. (3.3). It can be inferred from Eq. (4.9) that, if the Hawking
temperature vanishes, the particles can never tunnel from inside to outside of the event
horizon. From the discussion on black hole thermodynamics in Sec. 3, it seems that a MCG-
surrounded EGB black hole cannot evaporate completely and its final state could be an
extremal black hole whose event horizon coincides with inner horizon. However we should
be careful to make this conclusion since the perturbative stability of the black hole should
be examined.
4.2 Propagating of scalar waves
We consider the case of a test scalar field Φ with mass µ, also satisfying the Klein-Gordon
equation in Eq. (4.1), propagating in 5D EGB spacetime with a MCG background. This field
can be written by virtue of the separation of variables as follows [55–57],
Φ = R(r)Y (θ, φ, ϕ)exp [−iωt] . (4.11)
Since the solution in the angular part is the same as in the classical case, we shall only analyze
the radial part. In this case, the radial Klein-Gordon equation can be rewritten as
∂r
(
r2f−∂rR
)
rR
+
(
ω2
f−
− µ2
)
r2 = l23, (4.12)
where l23 = l3(l3 + 2) comes from the contribution of the angular equation Y (θ, φ, ϕ) and
l3 ∈ Z represents angular momentum quantum number. Going over to the tortoise coordinate
– 11 –
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Figure 6. The effective potential (V (r)) of propagating scalar waves in the context of 5D Einstein-
Gauss-Bonnet black hole surrounded by modified Chaplygin gas for the extremal (m = 1.33898) and
non-extremal (setting m = 2.0) cases, with fixed values of α = 1.0, S = 0.8, A = 1.0, B = 1.0, β = 0.1
and µ = 1.0.
dr∗ = dr/f(r), and then redefining the radial function R∗(r∗) ≡ r3/2R(r), the last equation
can be reduced to the Schro¨dinger wave-like form:(
d
dr2∗
+ (ω2 − V (r))
)
R∗(r∗) = 0, (4.13)
with the effective potential V (r) given by
V (r) = f−(r)
(
l23
r2
+
3f−(r)
4r2
+
3f ′−(r)
2r
+ µ2
)
. (4.14)
We plot the effective potential V (r) in the background of extremal black hole and non-
extremal black hole for varying values of l3 in Fig. 6. Recalling that the positive (negative)
value of the potential indicates the stability (instability) of the black hole solution, we can
conclude from Fig. 6 that the MCG-surrounded EGB black hole is stable under scalar per-
turbations.
5 Conclusion
In this study we have obtained an exact black hole solution that integrates the surrounding
modified Chaplygin gas into the framework of 5D Einstein-Gauss-Bonnet theory. A typical
black hole solution has three horizons, an inner horizon, an event horizon and a cosmological
horizon. Both the Gauss-Bonnet coupling constant (α) and the modified Chaplygin gas
parameters (S,A,B, β) have effects on the solution, one can find their behaviors in Fig. 2. We
perform a detailed analysis of the black hole thermodynamics, focusing mainly on discussions
of thermodynamical quantities like the black hole mass, Hawking temperature, entropy and
specific heat. It turns out that due to correction from the modified Chaplygin gas, the
thermodynamical quantities also get corrected except for the entropy which does not explicitly
depend on the background matter. The entropy of a black hole in Einstein-Gauss-Bonnet
gravity doesn’t obey the area law because of the non-vanishing of Gauss-Bonnet coupling
constant. The black hole is thermodynamically stable with a positive heat capacity for the
event horizon range rh < rc and unstable with a negative heat capacity for rh > rc. The
phase transition is characterized by the divergence of specific heat at the critical radius rc
– 12 –
whose position is changing with Gauss-Bonnet coupling constant as well as with parameters
of modified Chaplygin gas.
We have studied the quantum tunneling of scalar fields from the black hole by using the
semi-classical method and found that the black hole radiate scalar particles with tunneling
spectrum corresponding to the Hawking temperature in Eq. (3.3). The perturbative stability
of black hole has also been discussed by observing the propagating of scalar waves in the
concerned background. Our study shows that the black hole is stable under scalar pertur-
bations. It seems that the Hawking radiation of the Einstein-Gauss-Bonnet black hole with
surrounding modified Chaplygin gas could lead to an extremal black hole as the remanent
for evaporation. The evolution of black holes within the surrounding modified Chaplygin gas
is an interesting topic for future research.
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A Einstein-Gauss-Bonnet black holes in D-dimensional spacetime
The energy density of the modified Chaplygin gas shows
ρ(r) =
[
1
1 +A
(
B +
[
S
rD−1
](1+A)(1+β))] 11+β
. (A.1)
The solution for the metric function is obtained as
f±(r) = 1 +
r2
2α(D − 3)(D − 4)
(
1±
√
F
)
(A.2)
with
F = 1 + 4α(D − 3)(D − 4)
[
2M
(D − 2)ΣD−2rD−1 +
2
(D − 1)(D − 2)
( B
1 +A
) 1
1+βH
]
,
H = 2F1
([
− 1
1 + β
,− 1
w
]
, 1− 1
w
,− 1
B
(
S
rD−1
)w)
,
w = (1 +A)(1 + β), (A.3)
where ΣD−2 denotes the volume of the unit (D − 2) sphere. Again, only the minus branch
solution f−(r) is considered as a black hole solution.
We define the horizon as r = rh, which satisfies f−(rh) = 0. The mass of the black hole
in terms of the black hole horizon reads
M =
ΣD−2
2
[
(D − 2)rD−3h + (D − 2)(D − 3)(D − 4)αrD−5h −
2rD−1h
D − 1
(
B
1 +A
) 1
1+α
H(rh)
]
.
(A.4)
The Hawking temperature associated with black holes is calculated as
T =
rh
4piN (rh)
[
D − 3 + (D − 3)(D − 4)(D − 5) α
r2h
− 2
D − 2r
2
hρ(rh)
]
, (A.5)
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with
N (rh) = r2h + 2(D − 3)(D − 4)α.
The entropy is given by
S = 2pi(D − 2)ΣD−2rD−4h
[
r2h
D − 2 + 2(D − 3)α
]
. (A.6)
The heat capacity is finally calculated as
C = 2pi(D − 2)ΣD−2XY
2
Z , (A.7)
where
X = (D − 3)rD−4h + (D − 3)(D − 4)(D − 5)αrD−6h −
2
D − 2r
D−2
h ρ(rh),
Y = rD−3h + 2(D − 3)(D − 4)αrD−5h ,
Z = 2r
2(D−4)
h ρ(rh)
(D − 2)(1 +A)
{[
−B + [(D − 1)A+D − 2]
(
S
rD−1h
)ω]
r2h
+2(D − 3)(D − 4)α
[
−3B + [(D − 1)A+D − 4]
(
S
rD−1h
)ω]}
−(D − 3)r2(D−6)h
[
r4h + (D − 4)(D − 9)αr2h + 2(D − 5)(D − 3)(D − 4)2α2
]
. (A.8)
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